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We report an unusual buildup of the quantum coherence in a qubit subjected to non-Hermitian
evolution generated by a Parity-Time (PT ) symmetric Hamiltonian. The coherence is found to be
maximum about the exceptional points (EPs), i.e., the points of coalescence of the eigenvalues as
well as the eigenvectors. The nontrivial physics about EPs has been observed in various systems,
particularly in photonic systems. As a consequence of enhance in coherence, the various formulations
of Leggett-Garg inequality tests show maximal prediction about the EPs.
I. INTRODUCTION
Symmetries have played an important role in under-
standing and describing the physical world [1]. Their
consequences include the conservation laws of physics,
the existence of degeneracies, controlling the structure
of matter and dictating the interactions among funda-
mental particles. An underlying symmetry in a physical
system demands that the laws of physics are invariant
under a particular operation. For example, the laws of
physics are same for a particle and anti-particle under the
charge conjugation (C) operation; also for a system and
its mirror image under the parity (P) operation and even
when time is running backward, i.e., under time reversal
(T ) operation. Although symmetries are considered to
be of fundamental importance in probing the physical
world [2], it is symmetry breaking which often leads to
nontrivial physics by lifting the degeneracies.
Textbook quantum mechanics deals with Hermitiam
Hamiltonians having real spectra. A class of non-
Hermitian Hamiltonians having real spectra endowed
with an unbroken PT symmetry which is invariant under
the simultaneous action of the parity-inversion and time-
reversal symmetry operations or equivalently [PT , H] =
0, was introduced in [3] . Here, the P operator is de-
fined by its action on the position (x) and momentum
(p) such that under this operation x→ −x and p→ −p.
Also, T is an anti-linear operator, i.e., T (a1Ψ1+a2Ψ2) =
a∗1T Ψ1 +a∗2T Ψ2, where ∗ is the complex conjugation op-
eration. The PT symmetric systems show a typical fea-
ture of the naturally occurring symmetries, that is, they
can undergo a spontaneous symmetry breaking accompa-
nied with real to complex transition of the eigenvalues [4].
The points of degeneracy in PT symmetric systems are
however very different from the conventional symmetries,
in the sense that these points correspond to the coales-
cence of both eigenvalues as well as eigenvectors. These
points are called exceptional points (EPs). In contrast,
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for Hermitian Hamiltonians, the points of degeneracy are
called as diabolic points [5] and do not involve the coa-
lescence of eigenvectors.
PT symmetric systems have been a subject matter of
various studies [6–13]. In particular, the unconventional
behavior of PT symmetric systems around EPs has at-
tracted considerable attention. The unidirectional reflec-
tionless propagation of light in photonic devices at EPs
has been reported in various studies [14, 15]. Pronounced
line broadening around EPs in phonon laser was reported
in [16]. Enhanced laser performance was reported in PT
symmetric resonators around EPs [17]. A striking exam-
ple of nontrivial physics occuring around EPs is the re-
duction in light emission despite increase in pump power
[18]. The enhancement of optomechanical interactions
and associated nonlinearities around an EP has opened
the scope for various studies [19].
Here we bring out an interesting interplay between the
PT symmetry (or its breaking) and the degree of coher-
ence in a two level system. The degree of coherence for a
two-level system lies between zero (for maximally mixed
state) and one (for pure states). Note here that for a uni-
tary dynamics governed by the Hermitian Hamiltonian
the degree of coherence of a density matrix remains un-
changed due to the evolution. Coherence is at the heart
of quantum interference phenomenon which play a cen-
tral role in applications of quantum theory to carry out
tasks otherwise impossible within the realm of classical
physics. Coherence is directly or indirectly responsible
for all the intriguing features of quantum mechanics, viz.
entanglement and multiparticle interference which play
a central role in carrying out the quantum information
tasks, like teleportation [20] and quantum key distribu-
tion [21, 22]. The notion of coherence was operationally
formulated as a resource theory in [23] and has been a
theme of study of various works [24–30].
We first demonstrate how the degree of coherence of a
qubit density matrix can be increased through the non-
unitary evolution generated by the PT symmetric Hamil-
tonian. Here we consider the l1 norm measure of the co-
herence which is calculated in terms of the off-diagonal
elements of the density matrix. In fact, we show that the
maximally mixed state I/2 can evolve to pure state at the
EPs. As a potential application of this effect we examine
the quantum violation of the standard Leggett-Garg in-
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2equalities (LGIs) for testing macrorealism and find that
the quantum value reaches to its algebraic maximum at
the EPs. Probabilistic formulations of LGI, viz., Wigner
form [31–33], in which no explicit use of the eigenvalues
of the measured observable is required, are also studied.
Since Wigner form of LGIs are stronger than standard
LGIs, their quantum violations also achieve their respec-
tive algebraic maximum.
The plan of this work goes as follow: In Sec. (II), we
sketch the details of the model used. Section (II B) is
devoted to an analysis of the coherence and mixedness
about the EPs. The consequences of this effect in terms
of algebraic maximum violations obtained in Leggett-
Garg Inequalities is then investigated in (III). The make
our conclusions in Sec. (IV).
II. PT SYMMETRIC TIME EVOLUTION AND
DEGREE OF COHERENCE
A. PT symmetric time evolution
We consider a three level Λ type atom with the hyper-
fine levels represented by |ψ1〉, |ψ2〉 and |ψ3〉, such that
|ψ1〉 and |ψ3〉 are coupled by an RF-field and at the same
time are connected to |ψ2〉 by two optical fields, see Fig.
(1). The dynamics of this system can be reduced to an
effective two level system by adiabatically eliminating ex-
cited state |ψ2〉, under large detuning condition [13, 34].
The resulting Hamiltonian is PT symmetric and is given
by
H =
(
iγ J
J −iγ
)
, (1)
Here, i =
√−1, and γ is gain/loss parameter and J =
|1 − exp(−iφ)| is the coupling strength between the two
levels. The eigenvalues (E± = ±
√
J2 − γ2) of the Hamil-
tonian are real for J > γ and system is said to be in PT
symmetric phase. The case J < γ accordingly corre-
sponds to the PT symmetry broken phase. The scenario
for which J = γ represents a special case when the eigen-
values become zero and is called as the exceptional point.
The time evolution of the states ρk(t) = |ψk(t)〉〈ψk(t)|
(k = 1, 3), from time s to t (with t > s), is given by the
Schrodinger equation ρk(t) = U(t− s)ρk(s)U†(t− s). It
is important to note here that U(t − s) = exp[−iH(t −
s)] is not a unitary operator, since H is not Hermitian.
Consequently, ρk(t) as such, is not normalized. To avoid
this problem, we time normalize the state by dividing it
with the time dependent norm, i.e.,
ρ˜k(t) =
U(t− s)ρk(s)U†(t− s)
Tr
[
U(t− s)ρk(s)U†(t− s)
] . (2)
In the context of the PT symmetric Hamiltonian,
given in Eq. (1), the time evolution operator U =
FIG. 1: (Color online) Schematic of a three level Λ type
atom. The parameters g, G and J correspond to the cou-
pling strengths between the levels as shown. Levels |ψ1〉 and
|ψ3〉 are assumed to have equal gain and loss rate γ. Level
|ψ1〉 and |ψ3〉 are connected by RF-field and simultaneously
to |ψ2〉 by two optical field modes.
exp(−iHt) generates a non-unitary dynamics. In the ab-
sence of gain/loss, i.e., γ = 0, the Hamiltonian is Hermi-
tian leading to unitary dynamics. In the later case, the
action of the unitary operator U on the |+〉 ∈ {|±〉 =
(|0〉 ± |1〉)/√2}, is such that U |+〉 = exp(−iJt) |+〉; the
operation U is incoherent in the sense of Eq. (5) below.
However, in the non-Hermitian scenario, i.e., γ 6= 0, we
have
U |+〉 = c1 |+〉+ c2 |−〉 . (3)
Here, α = γ/J and τ = Jt are the dimensionless parame-
ters, and c1 = cosh(τ
√
α2 − 1)− i 1√
α2−1 sinh(τ
√
α2 − 1)
and c2 =
α√
α2−1 sinh(τ
√
α2 − 1). Thus, the parameter
α controls the degree of coherence of the operation U ,
such that in the limit α→ 0, we recover the unitary dy-
namics and the resulting operation is incoherent. Thus it
follows that PT symmetric time evolution can generate
coherence.
B. Degree of coherence in terms of l1 norm
Quantum coherence is the ability to form superposi-
tion of quantum state. It is usually defined with respect
to a fixed basis. Specifically, given a basis {|ei〉}d−1i=0 for
a d-level system, a state ρ is incoherent if it is diagonal
in this basis, i.e., if ρ =
∑
j pj |ej〉〈ej |, where pj ’s form
some probability distribution. This motivates for a nat-
ural definition of coherence in terms of the off-diagonal
3elements of the density matrix
C(ρ) =
∑
i,j(i6=j)
|ρij |, (4)
such that 0 ≤ C ≤ 1. The extreme points 0 and 1 cor-
responds to the mixed state and the maximally coher-
ent state, respectively. This measure is monotonic un-
der incoherent completely positive and trace preserving
(CPTP) operations.
C. PT symmetric time evolution as a coherent
operation
Let I denote a set of incoherent states. A density ma-
trix δ ∈ I, if δ = ∑j cj |j〉〈j| is diagonal in the basis {|j〉}.
A quantum operation ΛIO, characterized by Kraus oper-
ators {Ki}ni=1, is said to be incoherent if [35]
ΛIO[δ] =
∑
i
KiδK†i ∈ I. (5)
The application of each Kraus operator individually, can-
not generated the coherence, i.e., Ki |j′〉 ≈ |j′′〉, for some
|j′〉 , |j′′〉 ∈ {|j〉} [36]. A hierarchy of single qubit inco-
herent operations suitable under different circumstances
exists in the literature [35].
For a maximally mixed initial state at time t = 0,
i.e., ρ(0) = I/2 ( I being the identity matrix), evolved
according to Eq. (2), the coherence parameter turns out
to be
C(ρ˜) = 2
∣∣∣∣∣ α sinh2
(
τ
√
α2 − 1)
α2 cosh
(
2τ
√
α2 − 1)− 1
∣∣∣∣∣ . (6)
In the limit α→ 1, C(ρ˜) = 1, the coherence reaches max-
imum value at the exceptional point. Figure (2) depicts
the behavior of the coherence parameter C(ρ˜). The no-
tion of coherence is intimately related to the mixedness
and satisfy the following complementary relation for a d
dimensional system
Ω =
C2(ρ)
(d− 1)2 + µ(ρ) ≤ 1. (7)
Here, µ(ρ) = dd−1 (1−Tr[ρ2]), is the mixedness parameter.
For the state in Eq. (2), we have
µ(ρ˜) =
(
α2 − 1)2(
α2 cosh
(
2τ
√
α2 − 1)− 1)2 . (8)
In the limiting case with α → 1, the mixedness param-
eter µ(ρ˜) = 0 in accordance with the complementarity
relation in Eq. (7). Thus, the maximally mixed state
subjected to the PT symmetric dynamics becomes a pure
state at the EP, a feature also seen in Fig. (2).
FIG. 2: (Color online) Coherence given in Eq. (6) as a func-
tion of dimensionless parameters α = γ/J and τ = Jt. The
coherence attains maximum value at the EP, i.e., at α = 1.
The unusual enhancement of coherence about the ex-
ceptional points has important consequences; it enables
improved quantum violation of some Leggett-Garg in-
equalities (LGIs) than that is obtained for the case of
unitary evolution. In fact, at EPs, LGIs are violated up
to their algebraic maximum. In the next section, we in-
vestigate this in detail.
III. CONSEQUENCES OF THE MAXIMAL
COHERENT BEHAVIOR: VIOLATION OF LGIS
UPTO THE ALGEBRAIC MAXIMUM
A. Various formulations of LGIs
Standard LGIs [37] are derived to test the compati-
bility between the every-day world view of macrorealism
and quantum mechanics. It has two main assumptions:
(i) Macrorealism per se (MRps): If a macroscopic sys-
tem has two or more macroscopically distinguishable on-
tic states available to it, then the system remains in one
of those states at all instant of time (ii) Non-invasive
measurability (NIM ): The definite ontic state of the
macrosystem is determined without affecting the state
itself or its possible subsequent dynamics. Based on the
assumptions of MRps and NIM, standard LGIs has been
derived [37]. Standard LGIs are often considered to be
the temporal analog of the Bell (CHSH) [38] inequali-
ties; however, they are different from the perspective of
measurements. Another interesting difference is the al-
gebraic maximum violation of the respective inequalities.
Within the standard framework of quantum mechanics,
CHSH inequalities can not exceed the Ts’irelson bound.
On the other hand, in [39] it was shown that the viola-
tion of standard LGIs achieve their algebraic maximum
for infinitely large system dimension. The conceptual rel-
evance of the results in [39] with the standard notion of
macrorealism is critically re-examined in [40]. Recently,
it has also been shown that the algebraic maximum viola-
4tion of variants of LGIs can be obtained even for a qubit
system [41]. In [42, 43], it was brought out that violation
of standard LGIs reach up to their algebraic maximum
in a qubit undergoing non-Hermitian dynamics.
In light of above the observations, we investigate the
behavior of some of the well studied LGIs under non-
Hermitian dynamics governed by Hamiltonian, Eq. (1).
The standard procedure involves choosing a dichotomic
observable Mˆ and computing its two time averages or
correlation functions. The assumptions of MRps and
NIM put restrictions on some specific combinations of
these two time correlation functions (or the combina-
tions of probabilities). The standard LGI involves the
computation of the two time correlation function defined
as C(ti, tj) = 〈Mˆ(ti)Mˆ(tj)〉, where the average is taken
with respect to the state at initial time ti. Considering
the measurements of the observable Mˆ made on macro-
scopic system at times t1, t2, and t3 (t3 > t2 > t1), which
in turn implies the measurements of the observables M1,
M2, and M3 respectively, the simplest LGI reads
K = 〈M1M2〉+ 〈M2M3〉 − 〈M1M3〉, (9)
such that −3 ≤ K ≤ 1. We will often refer to K as the
Leggett-Garg (LG) parameter whose quantum expression
will be denoted by KQ, such that a violation of above
inequality means KQ > 1 or KQ < −3 or both.
Wigner form of LGIs can be derived from the assump-
tions of joint probability and non-invasive measurability.
From the pair-wise statistics of the measurements and
by invoking the non-negativity of the probability, Wigner
form of LGIs can be obtained as
P (m2,m3)− P (−m1,m2)− P (m1,m3) ≤ 0, (10)
P (m1,m3)− P (m1,−m2)− P (m2,m3) ≤ 0, (11)
P (m1,m2)− P (m2,−m3)− P (m1,m3) ≤ 0. (12)
One can obtain 24 Wigner form of LGIs from inequalities
(10-12).
It has recently been shown that Wigner form of LGIs
are not only inequivalent but also stronger than the stan-
dard LGIs [32, 33, 44]. Now, we probe standard and
Wigner form of LGIs in PT symmetric dynamics.
B. Quantum violation of LGIs
For our purpose, we choose the dichotomic observable
Mˆ = σy, the Pauli-y matrix. The same observable
will be measured at three different times t1, t2 and t3.
Initializing our system, at t = 0, in the maximally mixed
state ρ(0) = I/2, the state evolves according to Eq. (2)
giving ρ˜(t) = U(t)U
†(t)
Tr[U(t)U†(t)] .
For the model considered here, the quantum expression
of the standard LG expression for Eq. (9) turns out to
be
KQ =
9∑
n=0
1
N
Cn cosh(2nΘ). (13)
where Θ =
√
α2 − 1τ, and
C0 = 16α
2 + 26α4 − 44α6 + 12α8,
C1 = 64− 104α2 + 20α4 + 28α6 − 14α8,
C2 = 4(−8− 8α2 + 23α4 − 15α6 + 6α8),
C3 = 2(−16 + 24α2 + α4 − 5α6),
C4 = 8(6− 3α2 − 6α4 + 2α6),
C5 = −24 + 16α2 + 14α4,
C6 = 4α
2 − 4α4 + 8α6,
C7 = 12α
2 − 13α4 − 2α6,
C8 = −2α2 − 4α4 + 4α6, C9 = α4. (14)
Also
N = (−1 + α cosh 2Θ)(−1 + α cosh 4Θ)
× (−1 + α2 cosh 2Θ)(−1 + α2 cosh 4Θ)
× (1 + α cosh 2Θ)(1 + α cosh 4Θ). (15)
For the values of J = 0.6, and γ = 0.5 (hence, in
the PT symmetric region), the maximum violation of
standard LGIs are found to be 2.54. However, when J =
γ (α = 1), i.e., at the EP, the quantum value of standard
LGI approaches to its algebraic maximum 3. In Fig. 3,
we have plotted the variation of K3 against τ = Jt and
α.
Next, for the values of m1 = +1, m2 = −1 and
m3 = −1 in inequalities (10), the quantum expression
of Wigner form of LGI (WQ) is given by
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FIG. 3: (Color online) Standard LGIs as defined in Eqs. (9) and Wigner (inequality(10)) form of LGIs are plotted with respect
to the dimensionless parameter τ = Jt and α. The plots in the bottom panel bring out, in a more clear manner, the behavior
at the EP, i.e., α = 1. At this point LGIs achieve their algebraic maximum.
WQ =
1
2
[ (α+ 1)2 (α cosh (4√α2 − 1τ)− 1) cosh2 (√α2 − 1τ)(
α cosh
(
2
√
α2 − 1τ)+ 1) (α2 cosh (4√α2 − 1τ)− 1) − (α+ 1)
2 cosh2
(
2
√
α2 − 1τ) (α cosh (2√α2 − 1τ)− 1)(
α2 cosh
(
2
√
α2 − 1τ)− 1) (α cosh (4√α2 − 1τ)+ 1)
−
(
α2 − 1) sinh2 (√α2 − 1τ) (α cosh (2√α2 − 1τ)+ 1)(
α cosh
(
2
√
α2 − 1τ)− 1) (α2 cosh (2√α2 − 1τ)− 1)]. (16)
For the same values of the parameter in PT symmetry re-
gion considered in the standard LG case, the maximum
quantum violation of Wigner form of LGIs is obtained
as 0.84, while at the EP, WQ is given by Eq. (16) and
achieves the algebraic maximum. Thus, the violation of
standard and Wigner form of LGI reaches up to the al-
gebraic maximum, as depicted in Fig. (3). Taken in
conjunction with the behavior of coherence at the EP,
it emerges that in PT symmetric dynamics, the maxi-
mal enhancement of coherence near the exceptional point
leads to the violation of various formulations of LGIs upto
the algebraic maximum.
IV. SUMMARY AND CONCLUSION
The PT symmetric systems exhibit intriguing behav-
ior around the exceptional points (EPs)−the points of
coalescence of both eigenvalues as well as eigenvectors.
The EPs differ from the diabolic points in Hermitian sys-
tems where only eigenvalues show coalescence. The PT
symmetric dynamics is seen to be a coherent operation.
We report the unconventional behavior of coherence of
a PT symmetric qubit about the EPs. It emerges that
the l1 square norm based measure of coherence shows
very distinct behavior in PT symmetric and PT sym-
metry broken phases with recurrent behavior in the for-
mer case, Fig. (2). Near the EPs, the coherence shows
unconventional enhancement and reaches its maximum
values, obeying the complementary relation of coherence
6and mixedness parameters at this point.
The enhancement in the coherence about EPs can have
interesting consequences. We show its impact on the
degree of violation of Leggett-Garg inequalities (LGIs).
The quantum violation of various formulations of LGIs
not only exceed their quantum bound for qubit but also
reach their algebraic maximum at EPs. In the absence
of gain/loss γ = 0, the LG parameter given in Eq. (13)
reduces toKQ = 2 cos(2τ)−cos(4τ), which attains a max-
imum of 3/2 (the maximum quantum bound) for qubit
for τ = pi/6.
Recently, efforts have been made to use LGIs to iden-
tify the order-disorder quantum phase transitions [46],
characterization of quantum transport [47] and to distin-
guish the topological phase transitions [48]. The current
work adds to the list of surprising phenomena arising due
to nontrivial physics around EPs.
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